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1. INTRODUCTION 


Foundation 





In approximation theory, familyof linear positive operators with the combination of the well known Szasz- 
Mirakyan operators and Baskakov operators was established by Gupta and Srivastava [10]. These operators are 


defined as follows 





SAf.2) = @—- DIP hu) Sp Pault)f edt, x € (0,0) (1.1) 
—"X(nx)U ntu-1 a 
where, Inu (%) = TT» Paull) = ( u ae 


Later on, other approximation properties on such integral type operators were studied by several other 
researchers such as [7], [9], [12], [18] and [19] etc. In [1], authors have given the rate of convergence for functions 
including derivatives of bounded variation. Since last few years, application of q-calculus has been a wide area of 
research for positive linear operators. Manyq-types of generalizations ofintegral type operators and their 


approximation behaviors were intensively described. 


q-analogue of various integral operators such as Szasz -Mirakyan operators, Szasz -Mirakyan Beta 


operators and other operators were proposed by [2], [3], [8], [15], [17], [16]. 


q-analogue of above operators were proposed and established by [11] as follows 





Sf Oa) =n=1), vol Oe Ian Or Odg, (1.2) 
q _ ([nlqx)" uuunt) 1 q _fntu-1 uu-1) yu 
where Cy) = Bad 2 E(inlax) a and Pru (t) = [ ‘ I q 2 Bernice 


For a € [0,6] andn € N,0 < q < 1, the Stancu- generalization of above operators (1.2) are given below 
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54 p(F(O),2) = fn = Tq Lda Bn Ga" (4 phy Of (AES) aye, (1.3) 


Iqtt+B 
Where 17), (x) and py, (t) are defined above. 
Remark 


Operators defined in equations (1.1) and (1.2) are linear, when g = 1, a = 0 and = 0, then operators (1.3) become the 


operators discussed in [7]. 


Here, we specify some notations of q-calculus, these notations can also be studied in [4], [13]. 


4—q” 
We have, [n]_ = — for every n € N. 


The q-derivative D,f of a function f is given by 


f(x)-f (qx) 
(D,f)(x) = Ee +0 (1.4) 


The q-proper integral are defined as (see [13]) 


[reo x= (1-9) » (LL a>o 


and fr" f(x)dg x = (1 - q)aLe-« f(aq") q",a > 0 (1.5) 


We have given some auxiliary propositions named as lemmas, which are very helpfulfor the proof of our main 
results. We obtain approximation behavior of the operators (1.3) in the form of second order modulus of smoothness and 
classical modulus of continuity. We also present uniform convergence theorems via weighted approximation for the 
functions belonging to weighted spaces. Lastly, we prove the point-wise estimates for the functions satisfying the Lipschitz 


conditions. 
2. AUXILIARY RESULTS 
In this section we prove some auxiliary propositions (lemmas) 
Lemma 1. [11] Moments for these operators are given as 
e Six) =1 


1 








q _ __[nlq 
e Si(t,x) = ing aay’ >2 
[ni [n]ql1+4)? [2] 
sf t2 = q 2 q q : 
© St) =aaaagaeay” Sree Peele 


[n]ox* + a[n]ql1+ a]?x + 9° [2], 





Tr nN > 8. 
q°[n = 2],[n i. 3]q 
Lemma 2. The central moments are given as 
ap es m -1 y2 12 u fa q qtta ia h 
Enim(*) = Sraptt x)= a [n I u=0 ‘n,u (x)q 0 Pru wr (F os qe; then 
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tno) = Sap X) = 1 


[ng In]q ae 


eS <a 2 
Gin-2lq((mlqtA)~ + aln=2lq(lnlg+B) * Urq)’ > 


© tet) = Sa p(X) = 





=) [n]gx?+aI[n]qx[1+41" + [2199 
q®[n-2]qIn—3]q 


0 uF (x) = 5%, 9(t2,x) = . 


gag [n]q 
“Cn, +8) ala sae, xi +(aaeem) "3 


Proof: Following [11], we haven 5 B(x) = = 1, 





web (x) = [nq Deo ly C4" fA rh, OF (ii) dat 


]qt+B 


[n]q 


~ (lg+8) Sn 


[nlg Inlq a 


q2[n—Zlq(Inlq+B)~ \ ain—2lq(tnlg+B) | (inlg +B)’ 





AG *) + Taw 8) Se) = 





also, re Box) =[n- sl Pere ea (x)q" Sa phy (t y¥(S atte) age 


lgt+B 








2 
= [n]q ) 9 +2 2a[n}q (= ) ‘ 
(ees as + oa] qt B)? Sy(t,) + (Inlq+8) on) 











), [iuis= sateen ele] 4 2alnlg | +( at ) 
q®[n=2]q{n-3]q (Inlg+8)” La2in-2]q]  \(Ir]q+B) 


= (an 


Corollary 1. Using Lemma 2, we set 


st ((t—x)?,x) = ("1 ___-___ tt ot 1)? 
nap TO NeStn=2iqin=3]q(frlgtB) — @ln=2qln-3]q((rlq+8) 


( In]gl2]g 4 2[n]ga 2[n]q 2a ) x 
5[n—2]qIn—3lq(Inlqt+B)” q2[n—2]qIn—3]q(Inlqt+B)” a[n— 21q(Inlq +B) (In) qtB) 


[n]§[2]q 2a[n}q 


a2 
+ tt, +. 4", + — = = 6, (9,x 
q3[n—2]q[n—3]q(Inlqt+B) — gIn—2lq(Inlqt8) — (Inlq+B)* n(@2) 


([2]qltlq—47 8 [n-2]q)xta[nlqtaq?[n-2]q 


andy, (q,x) = q2[n—2]q(In]q+B) 


3. MAIN RESULTS 


Definition: Let C,[0,00)denotes the space of all functions f which are continuous and bounded on the interval[0, 00) 


endowed with the norm 
Ifll= sup |f(x)l. 
x€[0,00) 
We define the Peetre’s K-functional as, K(f, 6) = inf {lf —sll + ol 1B, 
JECBlO,c0) 


where, CZ[0,00) = {j € C,[0, 0): j’, j’” € Cg[0, 0o)}.By [5], 4 an absolute positive constant “C” such that 


K,(f,6) < Cw,(f, Vd), (3.1) 
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where 6 > 0, we write the second order modulus of smoothness as below 


w2(f,6) = sup sup Naa we ae ae ha 


Oshs6é x€[0,00 


In this continuation the usual modulus of continuity of f € Cg[0, 0) is given as 


w(f,6) = sup sup Nes f(x)|. (3.2) 


Oshsé xE[0,00 


Theorem 1. Let f € C,[0,), then for all j € CZ[0, 00), we have 





54.06.) —J00| < rx +2@.x)1N"Il (33) 
pA a pg = gs, ) 
where Sh apf 2) = Snap + FG) — (5 Zin=2]q(lmlgtB)~ | aln—2lq(lrlgB) (nig) Oo) 


Proof: From (3.4) and Lemma 2, we have 
Shee (f,x)(t — x,x) =0 (3.5) 
Suppose x € [0, 00) and j € C#[0, 0). Using Taylor’s expansion 
jt) —jO) = (t-»j'@) + [-y)j" Way. 


Applying the operators S", to both the sides of above equality and taken in to account (3.5), we obtain 


n,a,B 


58g GX) ~ I) = $4, g(t j'00, x) + 5g (hE -W)i" Ody, x) 


= j'() 54 p((C-0)/'@), x) + 5445 (St - yi" )ay,x) 


[nl§x+alnlq 


q2[n—2lq(Inlq+B)~ or (PE) eS Gs 55 ) a 
ma 4 4 q 2In- 2 Iq([n] +B) a ([n]q+B) y J (y)dy 








[nl§x+alnlq 


= 54g (Ke —y)i" Ody, x) — [PerAtalllasAY Ta *F) 








( In]gxtaInlq 


a aE 
Ae t Tea 7)" Oday. 





li" lay| <7" |L ee - yay] < (= 9)?" and 








We get, y)i"O)dy| < 


[nl§xtalnlq 


q2In—2lq(Inlq+B)~ +Tngs8) (eS a ) a 
Si 4 4 q 2In 2 Iq(In] ay ([n]q+B) y J (y)dy 











[n]§x+q[n]q a _ ) “ry} 2 ai 
< (ee -) Mi" l=e@ 0" 


We follow that, \s2 ned) = jo| = [Shap (sf (¢—y)i"O)dy, x) 


[nl§x+alnlq 


q2In—2lq(Inlq+B)~ ar (IPE) eS ee: ) wn 
— fs 4 4 q 2In- 2 Iq(In] +B) ote ([n]q+B) y J (y)dy| 





[n]3x+q[n] a ae 
< 94 _— vy)2 |G" ( q q Ss ) my 2 "T, 
S Shape — 71/12) + (ca cmagsay t Uelerey 7%) WI = onl) + eG xD" 
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Theorem 2.Supposef € C,[0, °°), then for alle [0, 00), a constant K > 0, such that 
[S2 pF) — £C)| < Kon (f, J5,G0) + 729) 0(f,Yn(4,9)) 


Proof. From (3.4), for j € C#[0, 0), we can get 


see pF2) - FO] < [Sa p6.9 - £00] +|F09 - 7 (E+ | 


215 ae hx) -— OF - @O| + lf - f (ee Heep) -s00| 


q?[n-2]q([n]qtB) 





< |S. -7.0| +16 DOI + [peo - (Rs et aa <— Is, 9x) - 70) 


Taking boundedness of the operators s ap and using (3.3), we get 


s.F-) - FO) < allt — ll + |f@ - F (GO + oS) 


+(6,(q,x) + ¥2(q.x) Il < 41If — Jl + (na) +¥2@x) Ill + Of mr @x)). 


Now over allj € CZ[0, 00), considering infimum on right hand side and applying equation (3.1), we follow 


|S? oe FX) — FCO < 4K, (fF, 5n(¢.x) + 28 4.2)) + of, n(G,9)) 


< 4Mw,(f, Jong) +720) + o(f, max) S$ Ko2(f, Vinx) + 2X) + O(f, Yn (GX), 
where K=4M >0. 


Theorem 3. Let f be a function which is bounded and integrable on the interval [0,0o). For q = q, € (0, 1),suppose 


second order derivative offunction f exists at a fixed point x € [0, 00), such that g, > 1 as n > ©o, than 
: q ' x? ”" 
lim [1] q, [Ser 6(F.0 — f@| = [@ - Bx +1-alf'@) + (F +x) £0. 
Proof: For the proof of above theorem, we use Taylor’s expansion 
y 1 Ww 
f)-f@) =(-f'@) + (t-? (FF"@) + e(t-H), 
Where € is bounded andlim e(t) = 0. Now applying the operators $4 eer (f, x) to the above relation, we have 
T n 1 mw n Gn 
54 p(f.X) — FH) = f'COS®, (Ct — x),x) + 2" DSM g(t — x),x) + 588 (et —)(E-—)2,0) 


= f'O)%n Gn X) +5 FO) bn Gn x) + 5% (E(t — x)(E — x)*,x), 
where Yn (dn, x) and 6, (qn, x) can be seen in equation (3.2). 


Now using inequality of Cauchy-Schwarz, we have 


[mJ gS, p(e(e —x)(€— x)?,x) < (stm p(e2(t-x))) (Il, 5% p(E-4.9)) 


Using Lemma 2, we have lim In], ieee ((t — x)*,x) =0, 
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since lim Yn (qn, X) = (2 — B)x +1-—a@and lima, (qn, x) = x? + 2x. 
n>0© no 


This is the required result. 


Definition 2: Let H,.2[0,0)represents the set of all available functions fwhich are defined on the interval [0, 00), satisfying 
the condition |f(x)| < Mp(1 + x), where M; is a constant depending only on f and C,2[0,0) is the subspace of all 


functions which are continuous and belongs to H,2[0,0).LetC{2[0,0o)is the subspace of all functionsf belonging 


aoe, is finite. We define norm on C,2[0,00) as below 





toC,.2[0, 0), for whichlim 
x00 


| | 
fll = sup 22 


5: 
x€[0,00) 1+* 


Theorem 4. Let q = q,, satisfies q, € (0,1) and let gq, > 1 as n > 0. Then for each f € C,2[0,00), we have 








lim ||s®. 6) —F 


= 0. 
x2 


Proof: Following the weighted Korokvin theorem in [6], we see it will be enough to verify the 


followinglim [So sex) —xk | » = 9, where k is a positve integer andk € [0,2]. (3.6) 
noo pad x 
Since as B (1,x) = 1, s0 theorem holds for k = 0, to get the proof of the theorem, it is suffices to show that 


ae (t*,x) =x*,k = 1,2. 


([n]§-q? [n—-2]q ([n]gt+B)x+q[n]q+aq? [n-2]q 1 











Gn a, 
Now S283 (t, x) x £2 Ss i) q?[n-2]q(In]q+B) 14x2 
< ([2]qlm]q{[-—4? [n-2]qB)+4[n]q+aq? [n—2]q x+1 
ms q?[n-2]q([nlq+B) x€[0,0) 1+x2’ 


= 0. 


2 








. 7% . dn e 
which implies tim ste, (t,x) -—x F 





Zz 2 
dn 2 =e, xe [n]q ) [n]f _ (c<*) 
Also Stee (t , x) x |. < sup 14x2 (es q®[n—2]q[n—3]q Inlq 


x€[0,00) 


eases neta ie) sup 2 ila tar) aes ( a ) 
ae 1+x? | q5[n-2]q[n-3]q See 1+x? ([n]g+B) |q?2[n-2]q ae 1+x? \([n]q+B) 


= ( a ) nl a eeny mn 
([n]q+B) q®[n—2]q[n—-3]q [nlq on 14+x2’ 


| [n]q(1+4)? 2[n]qa [nq | 
q°[n-2]qIn-3]q (Inlg+B) q?[n-2]q 

















su 


p 2 
x€[0,co) 1+* 


2 
a [2]q a 1 1 
> —_“a 4 9 es a 
+\(—a) + praaiginaslg * 2M Gay aaa] su, 14x?” 


wb ta F an (42 ¥) _ 2 = 
which implies that lim SENG xX)—-x |. = 0. 


Hence the proof. 
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Theorem 5. Suppose a € (0,1]and let Sdenotes any bounded subset of[0,00). If f € Cg(0,00) N LipM(a), then we 
know 52. ¢(F.%) — FOO| < K {33 (.2) + 24,5) 


where K is an arbitrary constant which depends on a and d(x, S) being the distance between x and subset S, which 


can be defined as d(x, S) = inf {(t — x):t € Sandx € [0,©)} and 6,,(q, x) are defined in Corollary 1. 
Proof: Following the properties related to infimum, there exists at least one point y in the closure of S, 
yeES: d(x,S) =|ly—xl. 
Taking in view the triangular inequality, we get|f(t) — f(x)| < |f@® — f() + If) — F(x) | 
Hence, |54,, (t,x) — f(@)| < 51, p(If(t) — FOL*) 
< 5%, (UFO) — FOL) +549) - f@L2) 
< K{S4, (It —yl®,x) + ly — x17} < K{S2, 9 (It — x1% + lx — yl,x) + ly — x17} 


< K{s4, p(lt —x|%x)+2|y— re 


We optl, = = L= a and we get + . = 1, and then using Holder’s inequality, we have 


q q al thy q l th a 
Ist pee) - f(a)| < K{[stp(le — x| 1,x)| x ere 2,x)| +2ly —xl } 


a/2 es 
= K{[54,.p(le - xl?,x)| + 2ly - x} 7 K {oz (q,x) + 2(acx,sy)*} 
Hence, we get the proof of the theorem. 


Now, to find local direct estimates of the operators defined in (1.3), following [14] and using Lipcshitz type 


maximal function of order a. 


@,(f,x) = sup OID E (0,] anda € (0,1). (3.7) 


t#x,te[0,oo) !t-xl* 
Theorem 6. Let f € C,[0,0), and 0 < a < 1, then for every x € (0, ], we have 
[st pF) —FCO| < Delf, 262 (2). 
Proof: From the equation (3.7), we have 
[2 pF) — FCO] S Delf, 2S g (t,x) (It — x1%, x). 
2 


Applying the Holder inequality, withl, =-,l, = — we get 


a 


Is? pF.) — £00] < Be(f.2)[5%, ple —x1%2)]"" < wel f,2)82@. 
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